ABSTRACT. This paper studies how sensitive real option valuations are to incorrect assumptions about the stochastic process followed by the state variables. We design a valuation model which combines Monte Carlo simulation and dynamic programming and provides an appropriate framework to evaluate the effect of estimation errors on both the value of real options and their critical frontier. Although the model is flexible enough to value American-type options contingent on a wide range of stochastic processes, we focus on the analysis of the effect of stochastic jumps. We apply our model to the valuation of an investment in the car parts industry documented in previous literature. Our results clearly show that underestimating this type of jumps might lead to substantial misjudgements in a firm's decision-making processes. For instance, it may lead to profitable projects being rejected when jump diffusion is low, or negative expanded net present value projects being accepted. In the spring of 2000, Tom E. Copeland predicted that the real option valuation, henceforth ROV, would eventually replace the discounted cash flow (DCF) model in under ten years (Copeland, 2000) . This forecast may seem an inconceivably short space of a time, yet it entails a process of change which has lasted over 30 years, beginning in 1977 with Stewart C. Myers' proposal . This thirty year period should be more than enough time for the adoption of a valuation technique which is theoretically superior to any other known model, even more so when other more costly innovations have successfully been implemented in a significantly shorter period of time.
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Among the reasons put forward for the limited application of ROV, Newton and Pearson (1994) pointed to the operational complexity of its valuation techniques, Myers (1996) hinted at a lack of understanding of its underlying philosophy on the part of managers, and Lander and Pinches (1998) referred to the failure of mathematical tools to fulfil certain requirements. An even greater problem needs to be considered, namely the paradoxical lack of flexibility arising from the lack of any general model -no matter how complex its understanding or application may be-to be employed in the valuation of, if not all, then at least the more common real options.
Whereas the DCF formula may be applied directly to virtually all investment opportunities, ROV is bereft of any similar formula. What is more, ROV comprises a combination of analytical formulae and numerical techniques, each of which is appropriate to the valuation of a specific option on a particular underlying asset. Not This paper analyses the consequences arising from the use of ROV techniques inappropriate to the nature of the stochastic process for the state variable. We specifically investigate how sensitive values of American-type real options are to the effect of unusual discontinuities of the state variable. Valuation is approached by a Monte Carlo simulation model which is inspired by the proposal of Weeks (1996 and and Ibáñez and Zapatero (2004) for financial options.
Our model considers the specific nature of real investments which requires simultaneously determining the values of both real options and their underlying assets, from the state variable on which its cash flows depend. The main contribution of our model is that it directly estimates the values of the state variable that define the optimal exercise frontier, and thereby provides a clear decision rule to the holder of the option. Namely, comparing observed values of the state variable and the critical value at each exercise date it is possible to know whether exercise is recommended. For our analysis purposes, this feature represents an advantage compared to other simulation-dynamic programming methods, such as the powerful regression based procedure proposed by Longstaff and Schwartz (2001) . 2 We apply our model to the valuation of a foreign direct investment (FDI) undertaken by a Tier-One multinational supplier of automobile components, whose real options are well outlined in Azofra et al. (2004) . The results of our valuation highlight the important consequences arising from mistakes in the estimation of the 2 Our model's advantage decreases with the number of early exercise opportunities, since determining each critical value requires simulating new paths for the state variable, and hence the model costs -in terms of time and computing resources-grow exponentially. -4-state variable stochastic process. Specifically, these findings underline the existence of significant differences in the value of call and put options when the foreseen evolution of the state variable advocates consideration of random discontinuities. The nature and scale of the errors depend both on the influence of the continuous motion as well as on jump diffusion, the greatest differences being observed when the continuous influence is lower and the jump diffusion is higher. Excluding discontinuities in these cases entails the appearance of bias in the evaluation which may lead to erroneous investment decisions being taken.
The rest of the paper is structured as follows. The next section addresses the problem of evaluating American options on discontinuous stochastic processes. Our valuation proposal is outlined in section three. Section four deals with the analysis of the valuation results for options to expand and contract embedded in an investment case in the car parts industry. The final section concludes and discusses relevant implications.
II. Valuing American real options contingent on discontinuous processes
One challenge currently facing the real option approach is the development of a general model to enable valuation of a wide range of both call and put options, involving multiple exercise dates depending on the evolution of stochastic processes of an extensive nature.
The chance to exercise options at more than one future date is probably one of the most common features of corporate investment. For this reason, the same arguments put forward by the advocates of ROV when criticising DCF (McDonald and Siegel, 1986; Lee, 1988; Pindyck, 1991) , are now applicable to "European" ROV. It is just as difficult to imagine a corporate investment opportunity whose F o r P e e r R e v i e w -5-exercise may not be postponed in the least, as it is to imagine a growth or abandonment option with only one future date.
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As for the stochastic evolution of the state variable, most ROV models assume geometric Brownian processes. These are processes which have been widely used to describe the evolution of financial asset and commodities prices, but are hard to upscale to other types of state variables on which real options may depend.
Variables such as demand, output prices or input costs, may adapt better to mixed processes, which combine continuous Brownian motion with random discontinuous jumps. Depending on each variable, these discontinuities could be brought about by a change in customers' preferences, technological progress, or competitors' actions.
The occurrence of random jumps complicates -and indeed may render impossible-valuation of American options by means of traditional solving techniques: closed-form solutions, analytical approximations and lattice approaches. Merton (1976) derives the analytical valuation formula for the European option when the price of the underlying asset follows a mixed process, comprising a continuous geometric Brownian motion contingent on discrete Poisson jumps. Merton's proposal enables us to value options whose exercise is restricted to the expiration date, but may not be used in the case of American options.
Analytical approximations together with the most common numerical procedures -the binomial model (Cox, Ross and Rubinstein, 1979 ) and finite differences (Brennan and Schwartz, 1978) -allow us to consider the possibility of early exercise, although their computational application proves more complex when 21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 By contrast, models based on Monte Carlo simulation (Boyle, 1977 ) may be applied to the case of multiple state variables regardless of the type of stochastic evolution to which they are linked. The greater flexibility inherent in this method revolves around the fact that valuation is undertaken by directly determining the process of the underlying asset, meaning that the partial differential equation (PDE) need not be solved. The drawback is that the direct application of Monte Carlo simulation is not suitable for valuing American style options. At least this is what was believed to be true until fairly recently. 4 Restrictions in simulation valuation are due to the very nature of this technique. Since exercising an option at a specific date prevents its subsequent exercise at a later date, the strategy which dictates optimal exercise of an American option relies not only on the prior evolution of its underlying variables, but also on their future values. Considering future events can only be performed through procedures involving backward induction, such as dynamic programming which resolves binomial and trinomial trees or finite difference procedures which do likewise with partial differential equations. By contrast, the Monte Carlo method is a forward induction process, generating future values for the variables based on previous values and therefore offering a suitable technique for assets whose cash flows at a given moment do not depend on subsequent events, as is the case of European options (Cortazar, 2001) . 4 A good example of this view is the second edition of Hull's handbook on financial options (Hull, 1993) , which on page 334 explains that "one of the drawbacks of the Monte Carlo approach is that it may only be used for European style derivatives". In this same sense, Hull and White (1993) postulate that "Monte Carlo simulation cannot deal with early exercise since there is no way of knowing whether this is optimal when a specific price is reached at a given moment". Tilley's approach has been followed by a growing number of papers that propose different combinations of simulation and backward induction procedures for valuing American-type financial derivatives. The resulting models approximate the early exercise frontier or conditional expectation function for the derivative.
Prominent within this approach are the works of Barranquand and Martineau (1995) and Raymar and Zwecher (1997) , who propose the use of a partitioning algorithm on the unidimensional space of the cash flows yielded by the option, rather than considering the multidimensional space of the underlying assets defined in Tilley (1993) . Grant, Vora and Weeks (1996) as well as Ibáñez and Zapatero (2004) As an alternative proposal, Glasserman (1997, 2004) and Broadie, Glasserman and Jain (1997) (Schwartz, 2004; Miltersen and Schwartz, 2004) , dot-com companies (Schwartz and Moon, 2000; Schwartz and Moon, 2001 ) and pharmaceutical companies (León and Piñeiro, 2003) .
III. The model
After reviewing previous literature, we address the problem of valuing real optionsboth growth (call) as well as abandonment (put)-of limited duration, T O , which may 7 Unlike binomial and trinomial trees, the values that appear at each node are placed in the order in which they are generated and not following a hierarchic order. 
where α and σ represent, respectively, the expected drift and volatility of the continuous motion; λ is the mean frequency of discontinuous jumps per unit of time;
(π-1) and k are, respectively, the random variable measuring the size of the proportional jump and its mean value; 9 and dz t and dq t represent stochastic Wiener and jump processes, which we assume to be independent and characterised by their usual expressions:
Regarding the discontinuous variation, we assume each jump size to be independent and log(π) to follow a normal distribution with mean µ π and deviation σ π , such that:
Discontinuities are linked to "unusual" and significant events, which give rise to upward and downward variations in the uncertain variable, while the continuous 8 The equidistance (τ) of the exercise dates, derived from this formula, is assumed for clarification and explanation purposes only and does not condition the model in any way. Logically, T O <T. -10-process -the geometric Brownian motion-is linked to the idea of "normal" events.
Following common practice, we suppose the direction of the jump to be unknown a priori and hence the effect of the jump in the trend to be zero, and therefore
The method we propose to value both European and American style real options requires calculating, at each early exercise point, τ < 2τ < ... < Nτ = T O , the successive "critical" values S τ *, S 2τ *, ..., S Nτ * of the state variable. These critical values represent the exercise frontier, since for these values the payoff resulting from exercising the option is equal to the payoff of maintaining it until the next period.
The exercise frontier is used to estimate both the option and underlying project values for a series of simulated paths. Solving the valuation problem is thus performed in two stages: i) an initial phase which consists of estimating the successive "critical" values by combining Monte Carlo simulation with dynamic programming; and ii) a second phase which involves determining the value of the option from the previous critical values and which merely requires the use of simulation techniques.
III.I. Stage one: Estimating the critical value frontier
Assuming complete markets, the expression for the future equilibrium value for the state variable is the following:
where r and δ represent, respectively, the continuous risk-free rate of return and the convenience yield, 11 z 0 represents a standard normal random variable linked to the 9 Hence, the mean growth rate caused by the discrete jumps is λk.
10 This expression derives from applying the risk-neutral valuation approach to the "twin" financial asset, which is perfectly correlated to the state variable. , also taking into account the exercise price, X, obtained or paid for the sale or purchase of the project, depending on whether it is a put or a call option:
where τ is the time interval into which the lifespan of the option has been divided.
To calculate the value of the underlying project should the option not be exercised, we need to distinguish between the option expiration date and the remaining points at which early exercise is allowed. Hence, when t is the expiration date (t = T O ), the value of the underlying is the present value of cash flows derived from expiration of the option without exercise,
Following Merton (1976) we assume the risk associated to the discontinuous jump of the state variable to be diversifiable. The risk-neutral simulation would then show a continuous modified drift, r-δ, rather than the initial α. This is the equivalent of subtracting from the continuous drift the risk premium of the corresponding asset (Trigeorgis, 1996: 102) . 12 The simulation of the number of discrete jumps at a time interval, ∆t, is obtained from applying the Monte Carlo method to the accumulated probability function P[q≤ X]. by considering the possibility of adopting a new contingent decision at a later point.
The value of the underlying would be calculated from the expected value of the project at the following period -including optimal decisions taken up to expiration of the option-and the cash flow generated at that point. , yields the corresponding contingent value of the investment, 13 The simulation may begin at any moment and for any value of the state variable (Grant, Vora and Weeks, 1996) . However, when dealing with American options, whose optimal exercise at each moment depends on future expectations, the first critical value to be calculated must correspond to expiration. , from which other K paths are simulated up to the end of the project -values of
These paths in turn serve to determine the cash flows generated from that date and for both exercise and non-exercise cases.
The optimization process requires not only considering whether the option is 
III.II. Stage two: Estimating the current value of the option
Having determined the critical values of the state variable at the different moments when early exercise is possible, In this case, simulation involves estimating a sufficient number of state variable paths from the current moment to the project expiration date and we estimate the moment of optimal exercise along each path in accordance with the optimal early exercise frontier. Finally, we obtain the present value of the option discounting the resulting payoff form each path, and then taking the average of all the paths.
IV. Valuation of an investment in the car parts industry
In order to evaluate both interest in flexibilising valuation of real options and the proposed simulation model, we analyse the results of its application to the case of an investment undertaken by a Tier-One multinational supplier of automobile components. A previous valuation of this investment and its real options, using the Azofra et al. (2004) . The project involves a foreign direct investment in the acquisition of production capacity in Brazil. As evidenced in Azofra et al. (op. cit.) , the project is one of those opportunities which despite yielding a negative NPV is undertaken due to their strategic value, which is shown to emerge from its real options.
Through this commitment, the investing firm aimed to cater for the demand for car parts manufacturers in Brazil and, at the same time, achieve a strategic foothold in the South American car parts market so as to access future growth opportunities. The initial outlay of 38 million dollars was enough to meet sales forecasts for the initial five years, leading to the supply of components for some 500,000 vehicles during the first year of operations and nearly 850,000 units in each of the next four. The option to expand the project resembles a call option with a strike price equal to the cost of the required assets. Exercising the option involves an increase of 50% of both the market share and the maximum production capacity and entails an outlay equal to 40% of the initial investment. 14 The option to contract resembles a put option with a strike price equal to the book value of the assets affected.
Exercising the option entails the reducing the maximum production capacity by 50%.
The values of these options are estimated using two different stochastic processes for the state variable: a pure geometric Brownian motion, on the one hand, and a mixed process comprising the previous Brownian process and discontinuous jumps linked to a Poisson type motion, on the other. The values of the parameters used in the evaluation are: i) for the pure geometric Brownian process, we assayed with alternative volatilities of 7%, 13% and 20% and annual average growth rates of 0%, 7% and 15%; and ii) for the discontinuous part of the mixed process, the volatility values of the jump considered are 25%, 50%, 200%, 400% and 500%
14 In order to simplify the analysis we have not considered the car-makers' control of the value chain and its implications for the option valuation. For a detailed study, see Azofra et al. (op. cit.) . We also assume that the jumps belong to the category of diversifiable or nonsystematic risk. Following Azofra et al. (2004) , the initial value of the state variable is 1 629,000 vehicles, for which there is a maximum value acting as an absorbing barrier at 4 000,000 units. Besides, initial configuration of the project implies a maximum production capacity of 1 200,000 vehicles that can be modified by its options to expand and contract. Based on S&P-500, the beta coefficient of the state variable is 1.035, and the risk-free return and the market premium are 6.59% and 6.85%, respectively.
Simulation is undertaken in annual subintervals, valuing the possibility of early exercise of the option at each of the three exercise dates considered. The number of simulated paths to obtain the present value of each option amounts to 400,000, the result of 200,000 direct runs plus another 200,000 estimations using the "antithetical variates" technique 16 and M and K parameter values equal to 250. Table 2 shows the estimated values of the option to expand for the scenarios within the parameters established by the pure geometric Brownian process and the mixed process. 17 These results highlight the significant differences in the value of the option and, therefore, the impact of possible mistakes made by conventional ROV models, 15 The parameter λ = 0.2 implies that, on average, only one discrete jump will occur during the five-year life span of the underlying project. We feel it is more interesting to show the valuation results assuming a highly volatile and low frequency process of random jumps, as opposed to multiple smaller jumps, which may prove hard to distinguish from continuous evolution itself. On the choice of parameters see http://www.puc-rio.br/marco.ind/stoch-a.html#jump-dif. 16 The technique of antithetical variates consists of generating two symmetrical observations at zero for each of the random simulations of the normal distribution.
IV.I. Valuing the option to expand
17 It should be noted that the 0% level of the volatility of the discontinuous jump corresponds to the pure geometric Brownian process. scenario with least volatility and continuous variation (α = 0% and σ = 7%), the value of the option to expand increases ten fold when a jump with a 50% dispersion is introduced, and is reduced by almost 63% when jump dispersion reaches 500%.
[Insert Table 2]
These results underscore the fact that the sign of the relation between the value of the option and the volatility of the jump depends on the latter's level. Thus, the value of the option increases in those scenarios in which jump dispersion is lowest, as a consequence of the rise in total volatility to which the variable is subject.
These differences are more significant in the case of lower continuous volatility (σ = 7%), since in this case the increase which the total volatility undergoes when there is a jump of equal dispersion is much greater, in relative terms, than at levels of permanently high volatility. Thus, for example, a jump dispersion equal to 100% implies a total volatility in the process of 53.9% or 50.5% depending on whether the standard deviation of the continuous motion is either 20% or 7% respectively.
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As jump volatility increases, this relation is inverted and gains in significance at higher levels of continuous volatility. This result will remain the same provided the mean size of the jumps, k, is zero and does not affect the trend of the process.
This case implies that the average taken by the distribution of the jump logarithm inversely depends on the value allocated to the jump volatility (µ π = -σ π 2 /2) and, therefore, an increase in these values of over 100% reduces this average and thereby the value of the underlying project. Moreover, the upper limit of the cash flows imposed by the maximum production capacity reinforces the inverse reaction between the value of this option and jump volatility. As regards the continuous evolution of the state variable, the expected positive relation between the growth rate and the value of the option for the various levels of volatility and stochastic processes considered is confirmed. Evidently, the more favourable the scenario foreseen vis-à-vis the growth in car production the more likely and profitable will be the expansion of the initially planned investment.
This is not the case, however, for the continuous volatility of the state variable, which evidences a negative relation with the value of the option to expand, which is contrary to the ceteris paribus relation established by the theory of financial
options. Yet, this result concurs both with the nature of the investment project and the discretisation method used for the state variable. On the one hand, the maximum production capacity of the project leads to an asymmetrical effect of the volatility on the net cash flow probability distribution. Greater volatility implies greater dispersion of the lower values, whereas the higher values remain bounded by the maximum production capacity and, as a result, the increase in volatility will diminish the value of expanding, particularly at those levels where growth of the state variable is highest.
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The assumption that the state variable evolves in the continuous field following a lognormal diffusion process leads to its relative variation being distributed normally with a tendency reduced 0.5 times the variance of the process.
As a result, the volatility parameter not only affects the deviation of future values, but also the expected value in its simulation. Hence, the increase in volatility not only widens the range of possible future values of the underlying, but also reduces its 18 The estimation of the total volatility for the mixed process was performed using the expression obtained in Navas (2003) , who amends the one initially obtained in Merton (1976) . 19 In fact, the reader can note that this negative relation disappears in cases of zero jump volatility and α values equal to 0 and 7%. 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
IV.II. Valuing the option to contract
The valuation results of the option to contract are shown in Table 3 . Once again, different scenarios are considered with regard to the parameters of the pure geometric Brownian motion and the mixed process. The inclusion of discontinuous jumps impacts the value of the option, although the relative variation which this option undergoes is noticeably lower than in the option to expand. The lower relative influence in the option to contract is a consequence of the stochastic process nature.
Positive growth levels in the state variable mean that the likelihood of exercising the option hardly varies when there is an increase in the discrete volatility despite the fall in the value of the underlying.
[Insert We have applied the model to value a real investment case, whose valuation using a binomial model is outlined in Azofra et al. (2004) . In general terms, the application results confirm that one critical issue in correctly implementing ROV is Further, the joint effect of the jump together with the real restrictions caused by the maximum production capacity of the investment or the very nature of the state variable, magnify the differences identified in the estimations.
Since the influence of random jumps is not quantified in the evaluation obtained using conventional numerical techniques, estimating the expanded NPV may lead to errors similar to those which occur when using the much criticised DCF approach. In our case study, leaving out discontinuities entails the appearance of biases -downward when the jump dispersion is low and upward in the opposite casewhich may lead to inefficient investment decisions being taken.
At lower discrete volatility levels, undervaluing the option to expand may lead to sub-optimal deferral of exercising the right and even the rejection of profitable projects. Over-valuation, might could appear in traditional ROV models in the case of high jump dispersion may explain the naïve selection of negative expanded NPV projects. Finally, the probability of early non-optimal exercise of the option to contract increases with the relative influence of discrete volatility, leading to the possible rejection of subsequent positive cash flows.
Although in this work we only assess the influence of random jumps with a zero mean value, our results show that the influence of discontinuities on option values will be even greater and thus errors arising from conventional ROV models even more evident. Summing up, the differences observed allow us to justify the effort required to flexibilise ROV models when the investment opportunities 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 
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Fig. 3. Critical values for the option to contract
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